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1. Introduction 

1.1. Distributional Boundary Values. The study of boundary values of holomorphic functions 
as generalized functions has a long history, going back to the theory of analytic functionals devel¬ 
oped by Fantappie in the 1920’s and 30’s. The development of the theory of topological vector 
spaces and distributions led to significant progress in this problem in the 1950’s and 60’s by Kothe, 
Silva, Grothendieck, Sato, Martineau, Tillmann and many others. See the book review |Hor91j for 
a short history of the topic, and |Mar64j for an annotated bibliography of the early contributions 
till 1964. Such generalized boundary values may be studied either as distributions in the sense 
of Sobolev and Schwartz or as hyperfunctions in the sense of Sato. The former approach, which 
is adopted in this paper, allows C°°-smooth boundaries, but requires the holomorphic functions 
to grow at most polynomially as one approaches the boundary. If we use hyper functions, we can 
obtain boundary values of all holomorphic functions, but we must restrict the boundary to be real 
analytic (see |PW78| 1. We note however that many of the considerations of this paper apply to 
hyperfunction boundary values as well, and this aspect will be discussed in detail in a forthcoming 
paper. It is also possible to obtain boundary values of other holomorphic objects (p-forms, sections 
of vector bundles) by routine extensions of the methods of this paper. 

The motivation of this paper is to try to generalize the notion of distributional boundary values 
to holomorphic functions defined on domains which have piecewise smooth boundaries. Recall that 
there exist distributional boundary values of holomorphic functions of polynomial growth defined 
on a “wedge” attached to a generic “edge” (see |BER99t ICT94] ). This suggests that we might 
be able to define boundary values of holomorphic functions on a piecewise smooth domain, when 
the corners of the domain are generic, i.e., the corners are CR manifolds. This turns out to be 
correct, and we can define boundary values of holomorphic functions of polynomial growth on the 
class of piecewise smooth domains with generic corners. The boundary value is realized as a de 
Rham current in the ambient complex manifold, a well-known formalism in complex analysis (see 
fHL75) h 

The main thrust of this paper is to study global holomorphic extension properties of “CR” 
boundary currents on piecewise smooth domains, generalizing the classical Bochner-Hartogs the¬ 
orem. We give a complete solution of this problem for products of smoothly bounded domains. 
This may be considered a generalization of one of the earliest results in several complex variables 
due to Hartogs, the extension of a holomorphic function from a neighborhood of the boundary 
of a polydisc to the whole polydisc (see |Nar951 Theorem 1, page 12], and also [ Lan80| l. The 
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invariant nature of the de Rham currents allows us to state our results for domains in general 
complex manifolds, without any cohomological constraints. 

1.2. Main Results. Let D be a relatively compact domain in a complex manifold that may 
be written as 

N 

n = f| (!•!) 

j=1 

where each Qj cz DJI is a smoothly bounded domain. If for each subset S <zz {1 ,...,N} the 
intersection Bg = HjeS bQj, if non-empty, is a CR manifold of CR-dimension n — |5|, we say that 
D is a domain with generic corners. Domains with generic corners are significant in many areas 
of complex analysis, see |Web82l !For93[ !Bar95[ ICV13| . The most important examples of domains 
with generic corners are the product domains. 

Impose on 9K any metric compatible with its topology (we assume that all manifolds appearing 
in this paper are countable at infinity). Throughout the paper we denote by dist(z, X ) the distance 
from a point z e 3JI to a set X induced by the chosen metric. If D (c 9K is a relatively compact 
domain, then a holomorphic / e 0(D) is said to be of polynomial growth if there is a C > 0 and 
k ^ 0 such that we have for each zed that 

^ dist( 2 , sn ) k ' 

We denote the space of holomorphic functions of polynomial growth on D by ^l _ 00 (D). This 
space has a natural topology (c.f. Section 12.11 belowl. We can show that holomorphic functions 
of polynomial growth on domains with generic corners have boundary values in the sense of 
distributions: 

Theorem 1.1. Let D be a domain with generic corners in a complex manifold DJI, and let f e 
*4 _C 0 (D). There is a (0,1 )-current be/ e Vq 1 (£PT) such that the following holds. IfU is a coordinate 
neighborhood of DJI, and if e 'D n,n ~ 1 {DJl) is a smooth (n,n — 1) form which has support in U, and 
there is a vector v e C n such that in the coordinates on U, the vector v points outward from D 
along each dLlj inside U, then we have 

<bc/, ip) = lim f f e ip, (1.2) 

DO JgQ 

where f e (z) = f(z — ev). 

We refer to be/ as the boundary current induced by the holomorphic function / of polynomial 
growth. The question naturally arises of characterizing the range of the map be, i.e., describing 
which currents j e V 01 (OK) arise as boundary values of holomorphic functions of polynomial 
growth on D (c DJI, where D is a domain with generic corners in OK. There is a simple necessary 
condition on all boundary currents which we first note. We say that a (0, l)-current 7 6 T>' 0 2 ( 0 )!) 
on a complex manifold OK satisfies the Weinstock orthogonality condition (cf. [Wei69| l with respect 
to a domain D cz DJI, or simply the Weinstock condition, if for oj e D ra,n_ 1 (0K), 

duj = 0 on D ( 7 , 0 ;) = 0. (1.3) 

This is a generalization of the usual tangential Cauchy-Riemann equations for the boundary values 
of holomorphic functions, in fact, for domains in C n with connected complement, the Weinstock 
condition is equivalent to 7 being d-closed (see the proof of Corollarv ll.3l below). In Proposition [23] 
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we show that the Weinstock orthogonality is a necessary condition for 7 to be the boundary value 
of a function / e A _c0 (13). 

Now we consider the case of smoothly bounded domains. If Ll (c 931 is a smoothly bounded 
domain, we define a subspace Xq 1 (931) of V' 0 2(931) as follows. A current 7 e V 0 2(931) belongs to 
A^’ 1 (93t) if and only if 7 satisfies the following two conditions: 


(1) 7 satisfies the Weinstock condition with respect to 17. 

(2) There is a face distribution a e T>' 0 (dLl) which induces 7 in the following way: if 1 : dLl —* 931 
is the inclusion map, we have 


7 = £*(a) 0,1 . (1.4) 

Here t * is the pushforward operation on currents by t (see (12.31) below) and for a 1-current 9 on a 
complex manifold, we write 


9 


9 0,1 + 9 1,0 , 


the decomposition of 9 into parts of bidegree (0,1) and (1,0). The space A °°(H) has a natural 
topology, which is defined formally in Section 12.11 Further Aq (931) is a closed subspace of the 
space Vq 2(931), and therefore carries the subspace topology. We have the following: 


Theorem 1.2. Let f2 (c 931 6 e a domain with C x -smooth boundary. Then the map 

be : A^(Ll) A°’ 1 (931) 
is an isomorphism of topological vector spaces. 


When 931 = C n , Theorem 11.21 allows us to obtain the distributional version of the Bochner- 
Hartogs phenomenon, thus recapturing a result of Straube (see |Str84l Thm 2.2]). 

Corollary 1.3. Let n ^ 2, and let LI (c C n be a smoothly bounded domain such that C n \Ll is 
connected. Suppose that 7 e D n,Tl_ 1 (C n ) is d-closed and (11.41) holds. Then there is a holomorphic 
f on 13 of polynomial growth, such that 7 = be/. 

See |IRan 02 ] for the history of the global holomorphic extension theorem for CR functions. 
Distributional analogs of other classical global holomorphic extension results (cf. |KR65] 1 can also 
be deduced from Theorem 11.21 using approximation properties of forms in particular manifolds. 

While the problem of identifying boundary currents for an arbitrary domains with generic 
corners remains open, we are able to give a complete characterization of the range of the operator 
be in the case when 13 is a product domain. Let 9312,..., 931 at be complex manifolds, and let 

931 = 93i x x • • • x 931 tv (1.5) 

be their product as a complex manifold. For j = 1,..., N let Dj <q 931 ? - be be a domain with 
C°°-smooth boundary. By a product domain, we mean a domain 13 of the form 

13 = D\ x ■ ■ ■ x Dn- (1.6) 

For j = 1,... ,N, we define a smoothly bounded domain Llj cz 931 by setting 

Llj = 9312 x ■ ■ ■ x Dj x ■ ■ ■ x 93bv, (1.7) 

where the j- th factor is Dj and all other factors are 931^ . Then we can represent the domain Ll as 
an intersection (ED. and it is easy to see that each corner is a CR manifold, so product domains 
have generic corners. 

With LI and 931 as above, we introduce a subspace Tq 1 (931) of T> q 2(931). A current 7 £ 2(931) 

belongs to 33n’ 1 (931) if the following conditions are satisfied: 
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(1) 7 satisfies the Weinstock condition (11.31) with respect to f i. 

( 2 ) Suppose that the piecewise smooth domain LI is represented as an intersection of smoothly 
bounded domains as in (11.11) . For each j = 1,... ,N, let 

L j : 8Qj — DJI (1.8) 

denote the inclusion map. There are distributions otj e T>' 0 (dLlj) with support in dLlj n 
such that we can write 

N 

7 = 2 (^(" i )) 0 ’ 1 • ( L9 ) 

3 = 1 

We will call the distributions 07 ,, ajy the face distributions associated with the current 

7- 

(3) The third condition, which we call canonicality of face distributions is somewhat technical, 
and will be fully explained below in Section 14.51 Informally, it can be understood as 
follows. Given a function / e *4 - 0 O (f2), there exists the extension of / as a distribution in 
'Dq(DJI) with the property that it vanishes outside If and its values on dLl are determined 
in a limit process from the values in If, see Theorem 12.41 This will be called the canonical 
extension of /. A similar canonical extension exists for the distributions a.j e T>' 0 (dLlj) 
defined by ( 11.91) . The condition now is that the canonical extensions of 07 agree with otj, 
see (14.201) below for the exact statement. In particular, this condition ensures that one can 
talk about boundary values of the face distributions themselves along higher codimensional 
strata. 

We note that all three conditions above are satisfied by boundary currents of holomorphic func¬ 
tions. In fact, we have the following characterization of the distributional boundary values of 
holomorphic functions on product domains: 

Theorem 1.4. Let LI be a product domain as above. Then for each f e .A - 00 (If), we have 
be/ e * (OH), and the map 

be : A~°°(Ll) — 

is an isomorphism of topological vector spaces. 

In the last section, we relate this notion of boundary value with the more usual notion of 
boundary value on the Silov boundary. 

Acknowledgments. We thank Christine Laurent-Thiebaut and David Barrett for sharing with 
us many of the ideas on which this paper is based. We also thank Sagun Chanillo, Evgeny Poletsky, 
Jean-Pierre Rosay, Mei-Chi Shaw and Emil Straube for interesting discussions on the topic of this 
paper. 


2. Existence and basic properties of boundary currents 

2.1. The space A -00 (fi, X). We consider holomorphic functions and distributions with values in a 
Banach space, see |Tre67] for basic facts on Banach-valued holomorphic functions and distributions. 
This will be needed in Proposition 12.11 which will be later used in the proof of Proposition 14. 61 Let 
DJI be a complex manifold, and let Lt (c 9Jt be a relatively compact domain. We endow the manifold 
DJI with an arbitrary Riemannian metric. All distances are measured with respect to this metric. 
Let X be a Banach space, and denote by 0(Ll,X) the space of all X-valued holomorphic functions 
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on Q. We say that a function / e £J(I7,X) is of polynomial growth if there is a non-negative integer 
k and a C > 0 such that 


ll/COIx < 


c 

dist(z, bfl) k 


( 2 . 1 ) 


For a fixed k , we denote by A k (fl,X) the space of X-valued holomorphic functions on Q which 
satisfy the estimate m- Then A k (Q,X) is a Banach space with the norm 


||/IU-fc = sup {||/(^)Hx d ist(^r, 60 )^} . 

7 .<= 0 . ^ J 


We denote the space of all X-valued holomorphic functions of polynomial growth on by A 00 (fi, X): 

00 

^-°°(n,x) = (J ^- fe (^,x), (2.2) 

fc =0 


and endow A 00 (f2, X) with the inductive limit topology. 


2.2. Notation for currents. For de Rham currents we will use the following standard notation 
and terminology. If DJI is a differentiable manifold of dimension N, we denote by P g (DJI) the space of 
smooth compactly supported (/-forms on DJI, which is a topological vector space with the standard 
inductive limit topology. We denote by Pg(DJI) (space of currents of degree q. or (/-currents) the 
topological dual of the space - ZJ jV_g (DJI), endowed with the strong topology (the topology of uniform 
convergence on bounded subsets of T> N ~ q ( DJI), see [ Tre67l p. 198ff). A distribution is a 0-current, 
and given a locally integrable function u on a manifold DJI, we identify u with the distribution 
(i.e. 0 -current) cj ) l—> w h ere 4 1 6 P dimKOT (DJI) is a compactly supported form of top degree on 
DJI. If X is a Banach space, then an X-valued distribution is an element of the space X>q (DJI, X) of 
continuous linear maps from P W (DJI) to X. 

When DJI is a complex manifold of complex dimension n, we let T> p,q ( DJI) be the space of smooth 
compactly supported (p, (/)-forms, and V' p (DJI) the space of (p, (/)-currents, i.e., the dual (with the 
strong topology) of U n_p,n_g (DJI). If / : DJI —> DI is a mapping of smooth manifolds, and 7 is a 
current on DJI, we denote by /*7 the pushforward of the current 7 by the map /. Recall that 

(/*7> = <7i f*4>) > ( 2 -3) 

where 0 is a smooth compactly supported form of appropriate degree and /* denotes the pullback 
operator on forms. 


2.3. Distributional extensions. We now consider the problem of extending a holomorphic func¬ 
tion defined on the domain 17 to a distribution defined on DJI. A 0-current FeD ' 0 0 (DJI, X) will be 
called an (X-valued) distributional extension of / if F\n = f ■ 

Since X is a Banach space, any X-valued current 7 is locally of finite order. This means that, 
after choosing an arbitrary Riemannian metric on DJI, for each compact K a DJI, there is a C > 0 
and an integer k ^ 0 (the local order of 7 on K ) such that for any test form (f> of appropriate 
degree with with support in K we have 

11(7j 0)llx ^ C ||^Hc fc (9Jt) j 

where the C fc -norm is defined with respect to the Riemannian metric on DJI. In particular, it follows 
that the distributional extension F. being compactly supported is of finite order on the whole of 
DJI. 
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Proposition 2.1. If f e 0(D, X) admits a distributional extension F e T>qq(9J1, X), then f e 


Proof. After using a system of local holomorphic coordinates centered at a boundary point, it is 
sufficient to prove the result when 931 = C n . We use a classic argument of Bell f |Bel82[ Lemma 2].) 
Let x 6 D(C n ) be a compactly supported smooth radial function with support in the unit ball 
such that f xdV = 1, and for a fixed z in D define the form (f> e T> n,n (3Jt) by 


(f{w) 


I dist(z, dfl) 

V 2 


—2 n 


■ x 


( w — z \ 

^dist(z, d£l) J 


dvol, 


where dvol is the standard volume form of C n . Then § <j> = 1 as well, and (j) is radially symmetric 
about 2 . A direct computation reveals that there is a constant Cq depending only on the function 
X and independent of z 6 f) such that 

ll0llc *( c ") ^ dist(z, dPl ) k+2n ' (2 ' 4) 

Assume that F is of order k. Then, by the mean value theorem, 


ll/(*)llx 



IK^0)llx ^ C ll^llcRC 71 ) ^ 


C 

dist(z, dQ) k+2n 


□ 


2.4. A 00 (Q, X) as a DFS space. Recall that a DFS space is a topological vector space isomorphic 
to the strong dual of a Frechet-Schwartz space. We note the following two facts: 

Proposition 2.2. If is a relatively compact domain in 9JT, then A~ co (kl,X) is a DFS space for 
any Banach space X. 

Proof. By a result in functional analysis ( |MV971 Proposition 25.20] or |Mor931 Appendix A, 
Sections 5 and 6]), a DFS space may be characterized as the inductive limit E = ind n E n of 
an increasing sequence of Banach spaces { E n } ne ^ with the property that for each n, there is an 
m > n such that the embedding E n —> E m is compact. Therefore, it suffices to show that the 
inclusion map A~ k (Q,X) „4~( fc+1 )(D,X) is a compact linear map of Banach spaces. Let {/„} 
be a sequence in the unit ball of „4. -fc (f2,X). By (12.11) . on each compact I\ cr fi, the family 
{/„} is uniformly bounded and therefore, by a Banach-valued version of Montel’s theorem, there 
exists / e 0(Pl, X) such that a subsequence f v . converges to / uniformly on compact subsets 
of Q. Note that f v . need not to converge to / in A~ k (D,,X). The estimate (12.11) implies that 
the limit / lies in the closed unit ball of A~ k ( fl,X), so that |/ — f v . ||^_ fc ^ 2 for each j. Let 
9j{z) = | f(z) — f Vj (z)| x dist(z, cT2) fc+1 , and let e > 0. On the open set {z e Q: dist(z, 5f2) < §}, 
we see that gj(z) ^ |/ — f Vj ||^_ fc dist(z, 30) < e. On the complementary compact set {z e 
D: dist(z, dd) ^ |}, as j —> oo, we have f Vj —* f uniformly, so that we can find an N e so large 
that if j > N e , then || f(z) — f Uj (z) | x < where 6 = max z6 n dist(z, dCl). Then for j > N e and 
for each z e fi, we have gj[z) < e. It follows that f v . — * f in X) and therefore, the 

map _4~ fc (D,X) X) is compact. □ 

We will also use the following fact, which is a consequence in the usual way of the closed graph 
theorem for DFS spaces, a proof of which can be found in |IMor931 Appedix A, Corollary A.6.4]. 
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Proposition 2.3. If E,F are DFS spaces, and u : E —> F is a continuous linear map which is a 
set-theoretic bijection, then u is an isomorphism of topological vector spaces. 

2.5. Canonical Extension. We now show that holomorphic functions of polynomial growth on 
domains with generic corners admit distributional extensions, by constructing one such extension. 
This extension will be called the canonical extension of the holomorphic function. Our proof 
will use a method of Barrett (see |Bar95| h The notion of canonical extension is due to Andre 
Martineau, who noted its existence for smoothly bounded planar domains in [Mar64j . 

By a face of the domain U in (11.11) we mean the subset 8Ctj n dfl of the boundary of 0 for 
some j. 

Theorem 2.4. Let DJI be a complex manifold of complex dimension n, and let Ll (qDJI be a domain 
with generic corners. There is a unique continuous linear map 

ce : .A“®(fi) — V Q (SDt), 

such that the following conditions hold. 

(1) ce/ is a distributional extension of the function f, i.e., (ce/)]n = /. 

(2) IfU is a coordinate neighborhood of DTI, and (f e T> n,n (DJl) has support in U, and there is a 
vector v e C n such that in the coordinates on U, the vector v points outward from U along 
each dilj meeting the support of <f, then we have 

<ce/,^> = lim f f e (j>, (2.5) 

<40 Jo 

where f € (z) = f{z — ev). 

(3) In the special case when f is continuous on f l, the distribution ce/ is induced by the function 
which coincides with f on 12 and vanishes outside bb 

Proof. We may cover the boundary bLl by a finite collection {Uj}jL 1 of coordinate charts, such 
that in the local coordinates of each chart Uj, there is a vector Vj of the type referred to above. 
Thus, without loss of generality we may assume that DJI = C n , and the existence of ce would follow 
provided we can show the existence of the limit ( 12.51) , and its independence of the choice of the 
vector v e C n . In the heart of our proof is the integration by parts argument due to Barrett (see 
|Bar95| ). 

To illustrate the idea, consider first the simplest case when Q. has smooth boundary, and let 
with r be a defining function of Ll (see |Str84| ). Let T be a vector held of type (0,1) such that 
Tr = 1 near <9bb Let U be a neighborhood of a point in dQ, and let v a vector such that U and 
v satisfy the conditions in (2) of the theorem. By shrinking U, we may assume that Tr = 1 on 
U. For a (n, n)-form supported in U we write f> = (j>odV, where dV is the standard volume 
form of C n . Let e > 0, and let f e be as in (12.51) . Then for any positive integer s, by applying the 
integration by parts formula s times we obtain that 

f fef> = ~r f ( r s f e ) ((T*) s MdV, 

where T* = — (T + divT) is the formal transpose of the vector held T, and we use the fact that 
T{r k f e ) = kr k ~ 1 f e on U for each integer k ^ 0. Note that the boundary terms vanish at each 
step since / e is smooth up to dLl. Using that / is of polynomial growth, we choose s such that the 
function r s f is continuous on lb Then as e —» 0, we have r s f e —> r s f uniformly on U, so that we 
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obtain by letting e —> 0 that 

lim f Up = - f (■ r s f) (( T*) s ct>o)dV . (2.6) 

40 s! 

Therefore, the limit on the left hand side exists and is given by the expression on the right hand 
side, which does not involve v. Hence, the limit is independent of v, and also of s (as long as r s f 
is continuous on S7), since the left hand side is independent of s. We conclude that (ce/, />) exists 
for (j) supported in U and is given by the expression on the right hand side of (12.61) , and the global 
existence of ce/ follows from a partition of unity argument. 

In fact, for a general domain with generic corners in C n it is possible to give a formula analogous 
to the right-hand side of (12.61) for computing ce/ directly. To state this formula (equation (2.1a) 
of |Bar95j h we use the following notation. Let rk denote a defining function of the domain 12^ 
in the representation (11.11) . Note that the condition that the corners of a domain with generic 
corners are generic CR manifolds is equivalent to the following: at each point in the intersection 
n 3 es^j, we have /\j e s^ r j =f= 0. Therefore, in a neighborhood of each point p £ C n , we can find 

N vector fields T^ p \ ..., T of type (0,1) such that = 5jk in a neighborhood of p whenever 

r j{p) = r k(p ) = 0. By a partition of unity argument, we obtain vector fields Tj,j = 1, ,2V, 
on C n of type (0,1) such that Tjjp = 5jk on a neighborhood Uj & of STlj n Let T* denote 

the first order differential operator on DTI which is the formal transpose of the vector held Tj with 
respect to the standard bilinear pairing (u,v) i—> S^^uvdV, i.e., for smooth compactly supported 
u,v, we have § m (Tju)vdV = J m u(T*v)dV. 

For a subset S c: {1, 2,..., n}, let Us = P|j keS U]k\\Jt4S - In particular, U@ = C n \jJ^ 1 6f2^>. 
Then the family {Us}, as S runs over all possible subsets of {1,2 ,..., N} including the empty set, 
is an open cover of C n . Let {xs} b e a partition of unity subordinate to this cover. We now define, 
for an / e _4. -G0 (n) and a <f> = 4>odV, the distribution ce/ by the prescription 

<ce/, <f>} = Yj f (nV) (n^W^oW (2.7) 

5 e{l,...,JV }\jeS S i' J \jeS / 

where (si,..., sjv) £ is such that r^ 1 ... f is continuous on fb 

Repeated integrations by parts, using the relations Tjrk = 5jk and Tjf = 0 (since / is holo- 
morphic) shows that when / bounded, we have (ce/, </) = i.e., ce/ = /[fi], which shows, 

in particular, that at least in this case, ce/ is defined independently of the choice of the tuple 
(si,..., sjv) (see |Bar951 ICV13] for details.) The general argument is similar to that in the smooth 
case above. Assuming (j) an d ft are as in (12.51) . the same integration by parts argument shows 
that limit in (12.51) is given by (12.71) , which shows that ce/ is defined by (12.71) independently of 
(si,..., sjv)j an d that limit on the right-hand side of (12.51) is independent of the particular vector 
v used to define f e . 

To show the uniqueness, assume that there exists another distribution, say, h £ Dq(VJI) that 
satisfies conditions (1) and (2) of the theorem for a given function /. Then it follows from (12.51) 
that in a coordinate neighborhood U of any point dfl on which v exists, we have h\u = cef\jj. 
This implies the uniqueness. 

The continuity of ce : ^4 _GO (f2) —* T>' 0 (DTt) follows from the expression (12.71) . 

Finally, the property (3) also follows from the representation (12.71) . Then we have si = S 2 = 
■■■ = s N = 0, and (ce/, </> = ffodV. □ 
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2.6. Proof of Theorem 11.11 We define an operator be : A 00 (fi) —» V' 0 1 (9Jt) by setting 

be = — d o ce. (2.8) 

Since ce and d are continuous, so is be. Let / e ,A - 0 O (ri). Then we have, with if and v as in the 
statement of the theorem, 

<bc/,?/>> = (ce/,dt//> = lim f f~ify = lim f d(/ e ?/>) = lim f d{f e fi) = lim f 

€ i° Jq e i° Jn £ i° Jn e i° Jen 

which completes the proof of Theorem 11.11 

2.7. Some properties of the boundary current. The necessity of the Weinstock condition 
(11.31) follows essentially from Theorem 11.11 

Proposition 2.5. If Q (q DJI is a domain with generic corners, and f e *4 _ 0 O (f2). Then, be/ 
satisfies the Weinstock orthogonality condition with respect to the domain fl. 

Proof of Proposition^^ From (12.51) it follows that if eg e U n,n (DJV) is such that <p = 0 on Q, then 
we have (ce/, <f>j = 0, since for each e > 0, we have ^ fe<f> = 0. Now let ui e T> n,n ~ 1 (DJl) be such 
that duj = 0 on fl. Then, 

<bc/,w> = <-5(ce/),w) = (cef,duj) = 0. 

□ 

We also have the following representation of the boundary current along the smooth part of dQ, 
which shows that on the smooth part, the boundary current is the distributional boundary value 
written in an invariant way: 

Proposition 2.6. Let U be an open subset of DJI such that dLl nU is a smooth hypersurface in U. 
Then there is a distribution a e Pg(dfl n U) such that bef\u = i*(a) 0,1 , where l : dPl r\U —> U is 
the inclusion map. 

Proof. Without loss of generality, U meets only one face 8Qj of f1. If <f> £ V n,n ~ 1 (DJt) has support 
in U, we have, choosing v to be outward from Ll along cQj, and setting f e = /(■ — ev ): 

f fefi = f h<t> = (i* (/elen,) 0,1 , <t>) , 

Jdfl JdClj x 7 

where we identify the function f e \dci- with the distribution generated by it. Letting e —> 0, we 
note that for each </, the left-hand side has a limit, therefore, lim e jo fe\dd, also exists and can be 
taken to be a. □ 

As a consequence we have the following: 

Proposition 2.7. For a domain Q with generic corners, the map be : ^4 _00 (f2) —> is 

injective. 

Proof. Let / e *4~°°(f2) be in the kernel of the linear mapping be, i.e., be/ = 0. Since the function 
/ has distributional boundary value 0 in a neighborhood of any smooth point of dLl, we see, using 
the jump representation for distributional boundary values |Kyt95( Theorem 6.1, part 5], that / 
is, in fact, smooth up to the boundary near this point. Therefore, / continuously assumes the 
boundary value 0 in an open set on the boundary, which shows that / = 0 . □ 
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3. Smoothly bounded domains 

3.1. Proof of Theorem 11.21 First, note that if / e */4. _ 00 (fl), then be/ e A ^’ 1 (9Jt). Indeed, 
by Proposition 12.51 the current be/ satisfies the Weinstock condition, and the existence of a face 
distribution a such that be/ = t*(a) 0,1 follows from Proposition 12.61 

The injectivity of the map be : 7l _c0 (fi) — * Xq (911) follows from Proposition 12.71 Now we show 
that be : ^4~°°(fl) — > Xq 1 (911) is surjective. Without loss of generality, assume 9It is connected. 
Let 7 6 T 0,1 (91t) be arbitrary. By definition, for each co e £> n,n-1 (91T) such that 8u = 0 on fl, 
we have ( 7 ,w) = 0, and there is a 6 T>' 0 (8fl), such that 7 = /.*(a) 0,1 , where i : 8£l ^-» 911 is the 
inclusion map. We need to show that there is an / 6 A~ co (D) such that 7 = be/. 

We claim that without loss of generality, we may assume that 911 is non-compact, and that no 
component of 991\f2 is compact. To see this, let 91 be a noncompact open submanifold of 911 defined 
in the following way. Let be the collection of relatively compact connected components 

of 911/1. (The collection {Z/}j e / may of course be empty.) For each i e I, fix a point Zi e L/, 
and let 91 = 9K\{zj}j e /. Then 91 is a connected noncompact complex manifold, fl (c 91, and the 
complement 91\fl does not have any compact components. Clearly, 7 ^ e T 0,1 (91). The claim 
follows if we replace 911 by 91, and 7 by 7 ^. 

By a classical result of Malgrange (see |Mal571 page 236, comments following Probleme 1]), the 
Dolbeault cohomology group H n,n ( 911) vanishes, since 911 is noncompact and connected. Now, the 
transpose of the surjective linear continuous map of Frechet spaces 8 : £’ n,n_ 1 (9H) —> £ n,n (911) 
(where £ p,<? (91t) is the space of smooth (p, gj-forms on 901) can be identified with the map 8 : 
^ 6,0 (911) —*■ £’o i(5H), where £' iq (VJt) is the space of compactly supported (p, (^-currents on 901 (see 
|Ser551 Proposition 5]). It now follows from a well-known result of functional analysis (see |Tre671 
Theorem 37.2]) that the range of 8 : £q 0 (9H) —* £q 1 (901) is closed in £' Gl (911) with respect to its 
weak topology, and therefore with respect to the usual strong topology. Therefore, the range of 
8 : £q o(9H) —>■ £’q 1 (911) can be identihed with the subspace of £’g 1 (911) orthogonal to the kernel 
of 8 : £ n,n ~ 1 (fJJt) —> £ n,n (VJt), i.e., the range of 8 : £q 0 (911) —> £' 01 {^ H) consists precisely of those 
6 6 £’q 1 (9H) which have the property that for each w e £ n,n ~ 1 (JJJl) such that duo = 0 we have 
(8,lu ) = 0. It now follows from the Weinstock orthogonality condition (11.31) that 7 lies in the 
range of 8 : £’q 0 (9H) —* <5^(911), so that there is a compactly distribution u on 911 such that 
8u = — 7 . 

From the structure of 7 given by m, it follows that the support of 7 is contained in the 
boundary dQ. Therefore, u is holomorphic on 9H\dfl, in particular, it is holomorphic on 911\fb 
However, since u has compact support, and no component of 9H\f2 is relatively compact by as¬ 
sumption, it follows that u vanishes on an open subset of each component of 911(0. Therefore, by 
analytic continuation, u vanishes on each component of 9H\0, and so the support of u is contained 
in O. 

We set / = u\q. Since u is holomorphic on 9H\dO, it follows that / e O(O). Since the holomor¬ 
phic function / on O can be extended to the distribution u on 991, it follows by Proposition 12.11 
(with X = C) that / e ^I _c 0 (0). The surjectivity of be will be established if we show that 7 = be/. 
This is clearly a local question, so we pick a point p e 8 O, and a system of holomorphic coordinates 
around p. Let B be a ball in these coordinates centered at p, so small that 8£l divides B into 
two pieces B~ = B n H and B + = B\Q. Now since H 0,1 (B) = 0, we can solve the 8- problem 
8h = — 7 I b on B, and the solution h may be represented by a Bochner-Martinelli type integral 
(see |Kyt95] Chapter 6]). Then h has the property that for each </> e 'D n,n ~ 1 (B) 1 we have (see 
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|Kyt95[ Theorem 6.1, part 5]): 

= I™ f (MC + eKO) - H C - e^(C))) HO, 

40 JBndn 

where v is the outward unit normal vector held on dCl n B. Further, since h — u is holomorphic on 
B , after subtracting a holomorphic function on B from h, we can assume that h = u. Therefore, 
h(( + ez/(£)) = 0 and h(( — en(Q) = — eu(/)), and we have for each f> e V n,n ~ 1 {B), 

7WO = iip f /(C - ev (0)H0, 

40 Jsq 

so that we have 7 = be/, which shows that be is surjective. 

Therefore be : .A -00 (12) —> X^ 1 (DJI) is a continuous bijection of topological vector spaces. We 
know from Proposition 12.21 that ,A _00 (12) is a DFS space, and X^’ X (DJI) is also a DFS space, since it 
is a closed subspace of the DFS space T>' 0 (dQ). The fact that be is an isomorphism of topological 
vector spaces now follows from Prop [2731 


Proof of Corollary \1.3\ In view of Theorem 11.21 above it suffices to show that 7 e For 

this we will show that 7 satisfies the Weinstock criterion with respect to 12 if and only if dj = 0. 

If 7 satisfies (1 1.31) . then take uj = d(j> for f> e V n ’ n ~ 2 (fM). Condition (11.31) now implies that 
d'y = 0. Suppose now that dj = 0. Let 4> e V n ’ n ~ 1 (C n ) be such that d<j) = 0 on 12. By an 
approximation result for (n, n — l)-forms (see | Wei701 Theorem 1]), there is a sequence of forms 
-i/y, in V n,n ~ 2 (C n ) such that dtp v —> (j> on 12 in the Frechet space 2). Therefore, noting that 

7 is supported in 12 , we have 

< 7 , 4>) = lim ( 7 , difO) = - lim (dj, Vv> = 0 . 

V —>GO l/—* 00 

□ 


4. Boundary currents on product domains 


4.1. Notation and terminology. Throughout this section and the next 9 Jtj, DJI. 12 and 12 j will 
have the same meanings as in fll.51) . fll.61) and (11.711 respectively. We introduce some notation to 
describe the geometry of 9JI and 12. We set rij = dime DJI j. For j = 1,... , N, let 717 : DJI —> DJIj be 
the natural projection onto the j-th factor. If for each j, <f)j is a form on DJI j, then we define 

/>! ® ® = 7T*/i A 7r|(/>2 A • • • A TT* N (j) N . (4.1) 


For j = l,...,iV, let ( PjXlj) be ordered pairs of integers with 0 ^ Pj,Qj 4 nj, and let P = 
XiyLi Pj,Q = XijLi Qj- We denote the C-linear span of the forms { 0 ... (x) \ <fj e V p i’ q i (DJIy) } 


by 


D pl, 9 l (DJIi) 0 ... 0V Plv ’ qN (DJl]v), (4.2) 

which is the algebraic tensor product of the spaces V p n q i (DJIj). The closure of the space (14.21) in 
724(DJI) i s the topological tensor product of the spaces 72 p )-4'(DJIy) and is denoted by 

V pi ' qi (DJIi)<§)... ®V PN ’ qN (DJIm). 


We can define tensor products of spaces of currents in the same way. 

We will denote by DJIj the product of all the DJI*, except DJIj, i.e., DJIj = DJIi x • • • x DJIj_i x 
DJIj+i x • • • x DJI at, and then we will write DJI = DJIj x DJIj. Throughout the paper we will assume 
that all products are reordered in the standard way, i.e., the factor DJIj is to be inserted into 
the slot between DJIj_i and DJIj+i. Similarly, we can write (11.71) as 12j = Dj x DJIj, and we have 
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dDj = dDj x DJtj, keeping in mind the reordering. We will similarly keep the same notation (x) for 
a “reordered” tensor product, for example 

V' 0 (dDj) = V 0 (dDj x Mj) 

where in the last line we have used the Schwartz kernel theorem (see |Tre671 Theorem 51.7]), and 
the tensor product is reordered. In this notation, one can write down the direct sum decomposition 

N _ 

= 0^0, oWj), (4.3) 

i=i 

which is easily established using the degree considerations. Given a current 7 6 V' 0 1 (911) we can 
therefore write uniquely 


N 

7=Xj 7fc ’ with e V' 0;l (DK k )®V' 0fi (Dlt k ). (4.4) 

fc=i 

We will refer to (14.41) as the standard decomposition of a (0,l)-form on the product manifold DJI. 
We denote by Dj the domain in DJTy which is the product of all the D k except Dy. 

Dj = D\ x • • • x Dj_ 1 x Dj + 1 x • • • x TW, 

and we call dDj x Dj the j-th open face of ft. Its closure is denoted by Fj , and will be called the 
j-th face of D. Then Fj has the representations 


Fk = dDk x £>k 

= ( dD k x Wl k ) n ( D k x D k ) 
= dQ k n fl. 


Note that the open face dDj x Dj and the face Fj are subsets of the manifold dDj, which we will 
call the j-th extended face of D. 

We let j k : dD k —> 9J1/. denote the inclusion map. If L k : dD k —*■ DJI denotes the inclusion map 
of the extended face 8D k in the product manifold DJI, we can write: 

t k = / x id, (4.5) 

where id : DJl k —> DJl k denotes the identity map, and x is the reordered direct product of maps 
(with respect to the reordering DJI = DJl k x DJl k ). Then we can define pushforward maps j k : 
D' 0 (dD k ) —> D' 1 (DJl k ) , and i k : D' 0 (dD k ) —> D' 1 (DJl) as in (12.31) . Thanks to (14.51) . we see that these 
two are related by 

4 = J*®id. (4.6) 

Here id denotes the identity on V' 0 (DJl k ), and ® has an obvious meaning as a reordered tensor 
product of continuous maps of topological vector spaces. 
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4.2. Some computations with the 7-operator on a product manifold. From the Cauchy- 
Riemann operators d : 2?* (9%) —*• D*(97 %) and d : V*(fJJlk) —*■ we can construct two 

“partial Cauchy-Riemann operators” d<xn k : X > *(971) —> £>*(971) and : 77* (971) —>■ 77* (971) using 

the reordered product representation 971 = 971*, x 971^ and setting 

Sm k = d<t>id, (4.7) 

and 

%j fc = id k (g>7. (4.8) 

In ( 14.71) . d denotes the 7-operator on 971&, whereas id is the identity on 971^. On the other hand, 
in (14.81) . 7 is the 7-operator on 971^ and id*, denotes the identity on 971*,. Intuitively, d<m k takes the 
derivative along the factor 971^ only and 7gj takes the derivative along the factor 9JIfc. 

Proposition 4.1. Let 7 e T>' 0 1 (97I) be such that 7y = 0 and let 7 *, be as in ( 14.41) . Then, 

(1) for k = 1,... ,N, we have 

dm k 7k = 0, (4.9) 

(2) for j =(= k, with j, k = 1,... , N, we have 

dvjijTk - ~dm k lj = 0. (4.10) 

To prove this, for j = 1,... ,N, define an operator 07 on the space of forms on 971 in the following 
way. We define o\ to be the identity operator and if j ^ 2, for forms <fk on the 971^. of a fixed 
bidegree, we set 

® • • • ® </w) = (-l) 2 *= ldeg( ^Vi®---®0iv, 
and then extend by linearity and continuity to 77* (971). 


Lemma 4.2. On 971, we have 


N 

3 = 1 


(4.11) 


Proof. By linearity and density, it is sufficient to show this for tensor products of forms of a fixed 
bidegree. The statement is obvious for N = 1, so we assume it for N — 1, and prove it for N, 
which gives the proof by induction. Let cf> = <f \ ® ... 0 <^y, where (fj is of fixed bidegree on 97 Xj. 
Also let (p 1 = (pi 0... 0 cj>N-i. Using the formula for the exterior derivative of a wedge product, 
we have 


dtp = d(f>' 0 Pn T (— l) deg(?i cj)' 0 d(j>N 

/N-l \ 

2 + on($ ® dcj>N) 




U 

/ N 


2 

VJ = 1 


an,- 


□ 
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Proof of Proposition]^. 1] We write 7 = Yjk=i 7 k- Then we claim that 


O’jdyftj'yk 


i fj<k 

-dmjlj if 3 > k- 


Indeed, it is sufficient to consider the case when 7 *. = 07 ® ... ® aw, where each an is of degree 0 
except ak which is of degree (0,1). Taking the d with respect to Wlj, we see that the first j — 1 
factors in the representation of djk as a tensor product are all of degree 0 if j ^ k, but contains 
the single factor of degree 1 if j > k. The claim follows from the definition of (J y Therefore, 

*r- (J>) 

N N 

= E S ojdmilh 

3 = 1 k =1 
N 

= Yj 7fc + Yj (<Vj7fc - • (4-12) 

k =1 j<k 


If j =)= k, let 97 Xjk denote the product of all the factors of 27T except 97Tj and 971*,. We then have 
the direct sum decomposition for ( 0 , 2 )-currents: 

N 

(9J4)<g>Po, 

k =1 

where the tensor products are reordered so that each direct summand is a subspace of T>' 0 2 (971). 
Note that the terms in (14.1211 correspond to the direct summands in the decomposition (14. 1311 , 
which must each vanish since d'y = 0. □ 


Z>o,2(9K) = ©^0,2 


0 (SDT*) © © ^,i(97t i )®P^i(97l fc )0P' iO (97l,- fc ) , (4.13) 

\j<* / 


We can represent the dzy. operator of (14.81) in terms of the dyji .. Indeed, we can show that 

JJC/g J 

where <7^ £ {±1}- (The precise sign of ap.. while not difficult to find, is irrelevant for the intended 
application.) 

Proposition 4.3. Let 7 and 7 ^ be as in Proposition]^. 1] Then 



8D k xD k 


= 0 . 


(4.14) 


Proof. By conclusion (2) of Proposition 14. II we have for j =)= k that dgji. 7 k = j- Consequently, 
dfXflj'Yk = 0 outside supp(dgjt fc 7 j) cr supp( 7 j). Therefore, outside the set su PP(7j) we h ave 

d^ fe 7fc = S a 3k d ^m j lk = 0- 

j+k 


The statement follows on noting that dD^ x Dj, is disjoint from supp( 7 j) cz 8Dj x 97Tj for each 

j 4= k. □ 
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4.3. Existence of face distributions. We begin with the following Lemma: 

Lemma 4.4. Let 91 be a smooth manifold of dimension n, let S be a smooth hypersurface in 91, 
and let l : S —* 91 be the inclusion map and let 7 6 D((91). Then there is a distribution a £ T>' 0 (S) 
such that i*(a) =7 if and only if for each cf e (D n_ 1 (9t) such that i*cj) = 0, we have ( 7 , </>) = 0. 
Consequently, the subspace of currents in X>((9T) of the form t*(a) with a £ 'D'q(S) is closed. 

Proof. If 7 = 1 * 0 :, then for any <f> e D ri ~ 1 (91) with i*<f> = 0, we have ( 7 , (f) = (a,b*(f) = 0. On 
the other hand, there is a continuous linear extension operator E : T> n ~ 1 {S) —* / D n ~ 1 ( 91), such 
that for each if e T> n ~ 1 (S), we have i*(Eif) = if. The existence of E is obvious locally using 
coordinates, and follows globally using a partition of unity argument. We define a £ T>' 0 (S) by 
(a, iff = ( 7 , Eif). Note that a is independent of the particular continuous extension operator E. 
Indeed, if if e D n-1 (91) is any other extension of if £ V n ~ l {S) (i.e. , b*if = if), then ( 7 ,Eif) — 
<^7 ,if) = /'y,Eif — if) = 0, since b*{Eif — if) = 0. For the a so defined, and any <f £ T> n-1 (91), 
we have (t*a, cf) = (a, t*(f) = ( 7 , <f ), since (f is an extension of b*<f. □ 

Proposition 4.5. Let f £ ^l _c 0 (fi). Then there are distributions a k £ T>' 0 (dLl k ) supported on 
F k = dLl k n such that 

N 

be/ = Yj 4(afc)°’\ 
k =1 

where the notation is as in (1431) and (1431) . Further, the k-th summand on the right-hand side is 
precisely the k-th component of the standard decomposition (14.41) and lies in T>q 1 (9flfc)0X , Q(9Jl/ c ). 

Proof. Thanks to the decomposition (14.31) of (0,l)-forms on a product manifold, we can write 
be/ = Hfcl i 7 fc> where 7 ^ £ T >q 1 {DJl k )<S>'D()(DJl k ). We identify the summands 7 *,. By definition of 
be/, each 7 *. is supported on dVt. We cover LI by open sets U of the type considered in Theorem ll.il 
i.e., U is a coordinate neighborhood of DJI, and there is a vector v £ C n such that in the coordinates 
on U, the vector v points outward from Ll along each dLlj meeting U. Fix one such U, and let 
<f £ T> n,n ~ 1 {U) be a form of degree (n, n — 1) with compact support in U. For f e as in Theorem ll.il 
we have 

<bc/|[/,/> = lim f fe4> 

NO J<9Q 



= V lim/ f £ [fi n(7n 8Q k ], ( b k )*<f ) 

NO \ / dCl k 

N 

= Y^(^(fe[ F knU]) 0 ’\cfy ( 4 . 15 ) 

k = 1 

here F k = f l r dii k is the k-th face of Ll, and \F k n U] £ ’D[ ) {dLl k ) denotes the 0-current of 
integration on the set F k n U. By Lemma [4.41 above, the subspace of T>' 0 (DJl) consisting of currents 
of the type i*(/3), (where j3 £ T>' 0 (dLl k )) is closed, so it easily follows that there is an a ^ £ T>' 0 (dLlk) 
such that 7 k \u = b k (a^) 0,1 . The existence of a k £ V^dLlk) such that 7 ^ = i*(afc ) 0,1 now follows 
by a partition of unity argument. From the representation (14.151) . it follows that a k has support 
in the subset F k of dLl k . □ 
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4.4. Currents with facewise structure. In view of Proposition 14.51 above, we make the follow¬ 
ing definition: let be a product manifold as in (11.51) . and let 12 (c 911 be a product domain as 
in (11.61) . We say that a current j e V' 0 1 (9Jt) has facewise structure with respect to 12, if there are 
face distributions atj e T>' 0 (dLlj), for j = 1,... ,N, with support in Fj, such that 

N 

7=2 ( 4 - 16 ) 

3 = 1 

where F : <512 j —> OH is the inclusion map. Then, Proposition 03] states that the boundary current 
of a holomorphic function of polynomial growth on a product domain has facewise structure. 

Proposition 4.6. Let 911 and 12 be as in (11.51) . (11.61) . Let 7 e £>^(911) satisfy the Weinstock 
condition and have facewise structure (14.161) . both with respect to 12. Then for each k e {1,..., N}, 
we have 

«fc| 8D k xD k e V 0 (dD k )®A-«>{D k ). (4.17) 

Intuitively, this says that the distributions a k , which may be thought of “restrictions” of 7 to the 
faces, are each holomorphic and of polynomial growth along the complex factor, which is clearly 
the case for continuous boundary values on a product domain. Note also that in view of the fact 
that 7 ^ = the relation (14.171) is equivalent to 

7k\ mkx5k e V^m^A^iDk). (4.18) 

Proof. From (14.61) , it follows that in the decomposition of 7 e Dg 1 (911) into direct summands given 
by (14.31) . the component 7 k £ Pq t (911/.)(x)'Dq (991^) is given by 

7k = 0*®id )(a k ) 0,1 , (4.19) 

where a k £ P'o(dLlk) is the fc-th face distribution associated with the current 7 . Combining (14.191) 
and (14.81) . we see that 

%j fe 7 k = (id0d) (j^(§)id)(o:fc) 0 ’ 1 

= (0 *®d)(a/c)) 0,1 
= (j*®S)(a k ). 

Therefore, using (14.141) we see that on the manifold dDk x 9H&, the current (id0d)(afc) vanishes on 
the open set dDk x Dk, i.e., a.k is holomorphic in the direction of 991*, on the open set dDk x Dk 
It follows that 

afc l 8D k xD k e -^o (dDk)®0(Dk). 

Now we note that the face distribution dk £ P'o(dQk) (where we recall that dQk = SDk x 9 71 k) 

is supported in dDk x Dk. Consequently, a.k is a distribution of finite order on dLlk- It follows 
that there is an integer K, such that 

a *\dD k xD k eC- K {dD k )®0(D k ) = 0(Dk,C~ K {8D k )), 

where C~ K (dD k ) is the Banach space of distributions of order K on dD k (it is a Banach space 
since dD k is compact), and the isomorphism of the space 0(Dk,C~~ K (dDk)) with the topological 
tensor product C~ A ( dDk)®0(Dk) (which makes sense since O(Dk) is nuclear) follows as in [Tre671 
Theorem 44.1], Using this isomorphism, interpreting a k Igp x g k as a Banach-valued holomorphic 
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function on D we see that it can be extended to a Banach-valued distribution on Therefore, 
by Proposition 12.11 we have ak £ A~ co (Dk, C~ K (dD/.)). Since each distribution on the compact 
manifold dDk is of hnite order, we see that 

a ^\dD k xD k 6 ' D o(^ D k)®A~ co 0k), 

which proves (14.171) . □ 

4.5. The space We will now state precisely the third condition in the definition of the 

space ^^(SDT). Let 9J1 and 14 be as above a product manifold and a product domain as in (11.51) 
and (11.61) . Suppose that a current 7 e T>’ 0 1 (27l) satisfies the Weinstock condition and has facewise 
structure (14.161) . both with respect to 14. Then by Proposition 14.61 the relation (14.171) holds. The 


third condition in the definition of ^^(SDT) is the following: for k = 1,..., N, we have 

(idfc®ce^) U k \ 8DkxD 


= ak, 


(4.20) 


where id^ is the identity map on T>' 0 (dDk ) and ce^ : A~ cc (Dk ) —> V' 0 (DJlk) is the canonical extension 
operator. We refer to (14.201) as the canonicality condition on face distributions. We note that the 
condition (14.201) may be directly expressed in terms of the current 7 as: 


(id fe ®cer 


= Ik, 


(4.21) 


where 7 k is the k- th component of 7 in the standard decomposition (14.41) . id*, now denotes the 
identity map on V' 0 ( (9JI/.) and ce^ is as in (14.201) . Also note that (14.211) makes sense thanks to 
(14.181) . To prove (14.211) . we have 

(id fc ®ce^) (^k\ mkX Q k ) = (idfc®ce^) ((/®id^)(a fc |^ fcx5fc ))°’ 

= (( 4 *®ce^)(id fc ®ce^) (a fc | aDfcx5 J)°’ 

, 0,1 

using (14.201) 


= v 


= Ik, 


where in the second line, id^ denotes the identity operator on dDk . The converse implication, i.e., 
that (14.211) implies (|4.20l) . can be proved by an analogous computation. 

Therefore, Tq 1 )^) consists of those (0, l)-currents in 74^(911) which satisfy the Weinstock 
criterion, have facewise structure (both with respect to 14), and whose face distributions are 
canonical in the sense of (14.201) or, equivalently, (14.211) . Since all three conditions are closed, 
it follows that Tq 1 (911) is a closed subspace of 74^(911). The next proposition shows that in 
Theorem 11.41 we have identified the correct target space. 

Proposition 4.7. Let 14 (c SOI be a product domain as in (11.51) . (11.61) . If f e t! _00 (14) ; then 
bc/eTn’ 1 (9Jl). 


Proof. In view of Propositions 12.51 and 14.51 we only need to prove (14.201) . which we do in the 
equivalent form (14.211) . We first note that the statement (14.211) is local in the following sense: to 
prove (14.211) it suffices to give an open cover W of 9 Tlk and another open cover W of dDk by open 
sets of 9 Tlk such that for each W 6 W and W e W, we have 


(idfc(g>c e? 


W x (D k r\W) 


= 7k I 


WxW’ 


(4.22) 
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where id^ is now the identity operator on Vq 1 (VF) and ce^ denotes the canonical extension operator 

from A~°°(Dk n W)) to T>'q(W). For any point p £ (DR. x SDk, we can find a neighborhood U of p 
in 9JT such that there is a vector v as in Theorem II.II pointing outward from 12 along each dQj. so 
that if we define f e = /(■ — ev), then (11.21) . (12.51) and (14.151) hold. Note further that by shrinking 
U around p, we may assume that U = W x W, where W is an open set in SE% and W is an open 
set of 

Now from (14.151) we conclude that for each <f> £ T> n,n ~ 1 {fU), we have 

<7fc|u,0> = lim<7 

ejO 

where 7 ^ has the same meaning as above, and 7 ^ = (/ e [Ffc n (7] ) 0,1 . Let {e^} be a sequence of 
positive real numbers which converge to the limit 0 as v —> 00 . Recalling that in T>' 0 1 (U) (or more 
generally in the dual of a Montel space, see |Tre671 Section 34.4]) a weak-* convergent sequence 
is also convergent in the usual strong topology, we have 

lk\u = Ihn 7 l v . (4.23) 

1/—>co 

Note now that for each zq we have 

H-\Wx(Wr,D k > £ " D t ), 

where Af°(W n D k ) denotes the space of functions which are holomorphic on W n D k cr SPT^. 
and extend smoothly to the boundary. This follows from the fact that for e > 0, we have 7 ^ = 
i k ( f e [Fk c U]) 0 ’ 1 , and f e is C°°-smooth on <912 n U. Therefore we have 

(idfc®ce^) ^ 7 fc IwxfDfcniU)) = \wxW’ 

since for functions continuous up to the boundary, the canonical extension is precisely the extension 
by 0 (see the proof of Theorem 12.41) . We now let v —> 00 , use (14.231) and the continuity of idfc and 
ce^ to conclude that (14.221) holds. □ 

5. Holomorphic extension of currents in Tq 1 (911) 

5.1. The structure of the direct summands. Let 7 6 (V ^’ 1 (SDT). Using the decomposition 
m , we write 7 = X!feL 1 7fe, where 7 ^ £ T>' 0 1 (9Jtfc)®Po(91lfe). First we note the following fact: 

Proposition 5.1. For each k = 1,..., N: 

7 k\ mkX 5 k e X°DlWk)®A~-™{b k ). (5.1) 

Proof. Let rik = dime 7%, and hk = dimcQHfc. We first show that 7 k £ Xp^(9Jtk)®'D' 0 (9Jtk)- 
From the definition of Xff (9(%) (see (11.31) and (11.41) ) combined with Lemma 14.41 we see that a 

current 6 e T>' 0 1 (DJlk)®'F ,, 0 (VJtk) is in (9J1 ^)®Pq( 0JI/,.) provided the following two conditions are 
satisfied: 

(i) for each u> £ T> nk ' nk ~ 1 (fAlk) such that du = 0 on Dk, and for each cf e P nfc ’ nfc (iUT fc ) we have 
(6, u (x) 0) = 0 ; 

(ii) denoting as usual by j k the inclusion of dDk in 5E%, for each A £ 'D Tlk,nk ~ 1 (D7tk) such that 
(j fc )*(A) = 0, and for each £ V nk,nk (Tlk) we have ( 6 , A ® <f>) = 0. 
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Note that in the algebraic tensor products uj®<f) and A®/> above, the factors have to be reordered. 
To verify (i), note that if j 4 = k, we have 0 </) = 0 , since t o®<f> 6 V nk,nk ~ 1 (!ffi/ c )®V nk ’ nk (9Jt/ c ), 

whereas 7 j e 'D' 01 (DJlj)®'D' 00 (fXflj). If we set 7 *. = Xij4=fc7i> then we have ( 7 ^, 0 ;®^) = 0. Now 
since dui = 0 on D*., we see that d(oj ® cf) vanishes on D * x 9H*,, and therefore vanishes a fortiori 
on Q = Dk x Dfc. Since 7 e Xq (Oil), we have therefore ( 7 , 1 c®</) = 0. We therefore have 

<7^, w 0 />> = <7 ~ 7fc, w ® />) 

= <77j ® 0) - <7fc, w ® 0) 

= 0 . 

For (ii), we use the representation (14.191) of 7 *,. We then have 

<7 fc,A® 0 > = <^(j*®id)(a fc ) 0 ’ 1 , A® 0 ^> 

= <^a fc , (/)*®id)(A® </)^> 

= (afc,(/)*A®0)^> 

= <afc, 0 > 

= 0 . 


Therefore, it follows that 7 *. e (911^)0^(504*,). Now, we can write 7fc|gft fc xZ) fc 

/ \ 0,1 _ fc fc 

(j*®id) ( J ■ Using (|4. 171) . the result (|5.1I) now follows. 




8D k x D k > 


10,1 


□ 


5.2. The space A °°(0). We begin by noting some simple properties of the space of holomorphic 
functions of polynomial growth: 

Proposition 5.2. Let D be a domain with generic corners in the complex manifold 501. Then 

(a) the canonical extension map 

ce : A-^iD) £>o(9Jl) 

is an isomorphism (of TVS) onto the image ce(A~ co (D)), equipped with the subspace topol¬ 
ogy from ^(Oll). 

(b) The space A~ co (D ) is nuclear. Consequently, there is a naturally defined topological ten¬ 
sor product ^4~°°(Z1)®X with any locally convex topological vector space X, which can be 
naturally identified with a closed subspace ofD' 0 (i)yi,X), the space ofX-valued distributions. 

(c) if U is a relatively compact open subset in a complex manifold 91, then 

^~ c 0 (Zl)®Xl'®(t/) c A~™{D x U). 

Proof. Since ce is obviously injective, to prove (a), it suffices to show that ce(7l _c 0 (Il)) with its 
subspace topology is a DFS space. Then the result would follow from Prop 12.31 We claim that 
each element ce/ of ce(A~ co (D)) induces a linear functional on £ n,n (D), the space of top degree 
forms smooth up to the boundary on D. If (f e £ n,n (D), and </> is any extension of cf to an element 
of £> n,n (911), then we define (ce/, fd) = <^ce/,/>\ which is well-defined, since from the definition it 

is clear that ce/ vanishes on any test form vanishing on D. This embeds ce(7l“ G 0 (il)) as a closed 
subspace of the strong dual of £ n,n (D). Since £ n,n (D ) is a Frechet-Schwartz space, it follows that 
ce(7l - 00 (-D)) is a DFS space. 
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Assertion (b) now follows, since ce embeds A~ CC (D ) as a closed subspace of the nuclear space 
T>' 0 (9JT). This also allows us to view A~ co (D)®X as the subspace ce(*4 -00 (.D))®X of V' 0 (T t)®X. 

To see (c), note that it suffices to prove that the algebraic tensor product A~ co (D ) ® _4. -c0 (t7) 
is contained in A~ co (D x U). Indeed, by linearity, it suffices to show that if / e A~ co (D) and 
g e A~ zo {U)^ then / ® g e A~ co (D x U). Now A~ co (D x U) is closed under multiplication (since 
on any domain 17, we clearly have for F e A~ k (Tl),G e A~ e (Tl) that FG e A~^ k+ ^(Tl).) Denoting 
by 1 the constant function with value 1, we see that /®1 and 1 ®g belong to A~ co {D x U), but 
we have f®g = (/® 1) ■ (l®^). □ 

5.3. Proof of Theorem 11.41 Let = D\ x • • • x Dn be a product domain in a product manifold 
as in m- We define: 

i-°°(D) = A- co (D 1 )®A- co (D 2 )®...®A- co (D N ), 

where the topological tensor products are well-defined thanks to Proposition [5721 Then ^I _C0 (D) cz 
„4 -00 (f7). Similarly, we denote by A^ co (Df c ) the topological tensor product of the A~ co (Dj)’s with 
j =|= k. We will need the following properties of *4, -c0 (D): 

Lemma 5.3. The map ce : ^4 _C0 (D) —> restricted to the subspace ^l _G0 (D) admits the 

representation 

ce U-»(n) = ®k=i ce k, (5.2) 

where ce*, : A~ co (Dk ) —» F' 0 (VJlk) is the canonical extension map. Similarly, the restriction of 
be : ^I _G0 (D) —> T> q 1 (9Jt) when admits the representation 

N 

bc U-»(Q) = 2 bc ^® ce D ( 5 - 3 ) 

k= 1 

where bek ■ A~ co (Di : ) —> T>' 0 1 (501fc) is the boimdary current map and ce^ : A~ co {Dk) — > is 

restriction to A~ co (Dk ) of the canonical extension map. 

Proof. In order to establish (15.21) it suffices to show that 

ce/ = cei/i ® ce 2 / 2 0 ... 0 ce N f N , (5.4) 

whenever fj e ^4^°°(Dj) and / = /i 0 ... 0 /at is their tensor product, which lies in ^4 _00 (D) by 
part (c) of Proposition 15.21 Once (15.41) is established, it follows by linearity that (15.21) holds on 
the algebraic tensor product A~ co (Di) ® ... ® A~ x (Dn), and then (15.21) follows by density. 

Note that (15.21) is a local property, in the sense that to prove it, it suffices to show that each 
point in the product manifold 93T = SDTi x ... Wl n has a neighborhood W of the form ITi x • • ■ x ITjv, 
with Wj cz 9Jlj, such that we have 

ce(/|n n w/) = Cei(/i|_D in VFi) ® • • • ® ce N(fN\D N nW N ), (5-5) 

where cej is now the canonical extension operator from A^^fWj n Dj ) into and ce is the 

canonical extension operator from A~ co (W n D ) into Vq(W). To prove (|5.5I) . we use the method 
of proof in Proposition 14.71 i.e., represent / and fj locally as a limit of functions smooth up to 
the boundary. Note that in (|5.5I) . the only interesting case is when IT is a neighborhood of a 
point on the boundary of D. After shrinking IT, we may assume that that there is a vector v 
as in Theorem l2~4l which is transverse to each d£lj in IT, and let f e = /(• — ev) be also as in 
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Theorem 12.41 Choosing a sequence of positive numbers e v such that e u —* 0 as v —* go, we see 
that f €v is smooth up to the boundary on Ll n W, and we have 

where f j £ 0(Wj nDj) is smooth up to the boundary as well, and as in the proof of Proposition 021 
as v —> co, we have /j' —* fj and f €v —* f . Since (15.511 holds when / is replaced by f enU and fj 
is replaced by /J, and since the maps cej and ce are continuous, taking a limit as v —* oo, (1531) 
follows, and from which follows (15.21) . 

We now prove (15.31) by a direct computation using the definition (12.81) . We obtain 

-6 ( Ce l_ 4 - 00 (Q)J 
-8 (® k=1 ce k ,) 

N 

-{3 oce fc )®ce^ 

k =i 
N 

V bc fc ®ce^, 
k =1 

where in the last-but-one line we have used the Leibniz product rule, and the fact that ce^ on 
A~ QO {D k ) is by (15.21) the tensor product <S)j^ k ce j- □ 

We now prove the following result, which contains Theorem 11.41 

Proposition 5.4. Let 3Jt, be as in (USD and m- Then we have the following: 

(1) be : ^i~ G 0 ( 0 ) —> ^yQ 1 (9Jl) is an isomorphism of topological vector spaces, and 

(2) A-^in) = ^-°°(n) 

Proof. We proceed by induction on N, the number of smooth factors of the product 9JL For 
N = 1, conclusion (1) is Theorem 11.21 and conclusion (2) is obvious. Therefore we assume the 
result when Q. has N — 1 smooth factors. Note that each k = 1,..., N, we have 

A- x (D k ) = A~^{D k ), 

since the domain D k a 20l k is the product of (N — 1) smooth factors. 

We now show that be : ,4 _ 00 (f2) —> Tq (911) is an isomorphism of topological vector spaces. 
The injectivity follows from Proposition 12.71 so we need only to show that be is surjective. By 
Theorem 11.21 the map be : A~ rx> (D k ) —* X^(DJl k ) is an isomorphism of topological vector spaces. 
Denote by bcjT 1 its inverse, which is an isomorphism from (9Jt/ c ) to A~ co (D k ). Tensoring with 
the identity map on A~ co (D k ), we obtain an isomorphism 

(bc^id) : 

where we use the fact that *4. _ 00 (f2) = A~°° (Dk^A^ (D k ). 

Now let 7 6 and let e V' 01 (Wl k )(g)'D' 0 ’ 0 (9yi k ), be as in the beginning of Section 15.11 

Then by (15.11) and the induction hypothesis, we have that 7 fcl 9 j} fcX fj fc e ^D k ^^■k)®AT cc {D k ). We 
define f k £ .4. - 00 (f2) as 

fk = (bCfc^id) (7fcl OTfeX 5 fc ) , 


bc U- 
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which makes sense thanks to (15.11) . The proof of the surjectivity of be will be completed by showing 
that be f k = 7 . 

Set A = bc/fc, and let A = XlyLi be the standard decomposition of A as in (14.41) . We claim 
that Xk = 7 k- Indeed, in the representation (15.31) . the summands correspond to the terms of the 
standard decomposition (14.41) . Therefore, we have 

A fc = (bc fc <§)c e^)f k 

= (bc fc ®ce^)(bc^ 1 ®id) (r/ k \ mkX D h ) 

= (id k ®ce % ) ( 7 fc | mkX Q k ) 

= 7 k, (5.6) 

thanks to the canonicality of the face distributions, as expressed in (14.211) . To complete the proof 
we will show that for each pair k, £ e {1,... , N}, we have f k = fi, which will ensure that be/*, = 7 . 
Consider the continuous linear map from Tl' 00 ^) into T> q 2 (9H) given by 

bk/ = ce(§)... (g)bc<t)... ®bc®... (g>ce, 

where each tensor factor is ce except the /c-th and 4-th ones, which are be. Then b/, ; f; : 71“°°(12) —> 
Dq 2 (3JI) is injective, since each of the factor maps ce of be of the tensor product defining b k / is 
injective. Using the fact that be = — d o ce, we obtain the representation 

bk,£ = ~dm £ 0 (bc fc ®ce^), (5.7) 

where is the differential operator as in (14.71) , the tensor product of the d operator on the factor 

DJle and the identity operator on 9JU, and bcfc®ce^ is as in (15.31) . Of course, by symmetry we may 
also write 

bk,£ = -d<m k 0 (bc£®ce~). (5.8) 

Therefore, we have 

b k,efk = -d*mi 0 (bc fc ®c e^)f k 
= —dmtlk, 

and also 

b k,efe = ~dm k 0 (bc£®c e~)f e 
= —dm k li- 

Using (14.101) of Proposition 14.11 we see that = dm k lh therefore b k,efk = b kife, so that 

by injectivity of b k j, it follows that fk and fe are the same function in 7l~ c 0 (U). This completes 
the proof of the surjectivity of be : 7l _ 00 (fi) —> Tf*/' (®I)- and therefore it is a bijection, since we 
already know that be is injective. 

Note further that the inverse mapping to be constructed during the above argument actually 
maps into 7l _ 00 (U). It follows that 7l“ G 0 (0) = 7l~ 00 (U). 

Finally, both 7l _ 00 (U) and Tq 1 (9H) are DFS space, the latter being a closed subspace of T >q j (911). 
It follows therefore from Proposition 12.31 that be is, in fact, an isomorphism of topological vector 
spaces. This completes the induction, and the proposition (and Theorem 11.41) is proved. □ 
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5.4. Boundary value on the distinguished boundary. For the product domain 12 (c 504 of 
m, one can also consider boundary values on the distinguished or Silov boundary 

dm 12 = SD\ x • • ■ x dD]\r , 

which is a smooth submanifold of DJI of codimension N. In this section we give a brief account of 
such boundary values, omitting the routine proofs. We consider the operator bcm from Al~°°(12) = 
.A"® (12) to U' 0 N (Wl) (currents of bidegree (0,1V) on DJI) given by 

bc m = (X) fc= 1 bc fc = bci®... ®bc N , 

where on the right hand side, bc/% : A~ QO {Dy) —> Jb^ 1 (DJI) <z T>' 0 j (DJI) is the boundary current 

operator on the smooth domain Dy. Since for each k , the map bc^ : ^4~°°(JJfc) —> Jbj^* (DJI) is an 
isomorphism of topological vector spaces, we conclude that we have an isomorphism 

bc m : AT® (12) - Jb^j^(DJI), 

where 

4i A? (DJI) = %dI (DJIi )<§>■■■ ®XdI, (DJIiv ) c V' 0 N (9Jl). 

Using the definition of the spaces 1 (DJI^) in terms of the Weinstock condition (11,31) and the 
existence of a face distribution (11.41) . we have the following easy consequence: 

Proposition 5.5. Let T £ D' 0N (9Jl). Then there is a holomorphic f £ Al _00 (12) such that T = 
bcm/ if an( L on ly if the following two conditions hold 

(1) Let ui £ T> n,n ~ N (DJI) be such that for each k = 1 ,..., N , we have dg yi k u = 0 on LI, where 
dgr n k is as in (14.71) . Then we have <T,u;) = 0. 

(2) There is a distribution A £ T>q(T) such that T = /*(A)( 0,Ar ) ; where I : dm^ — 1 ► DJI is the 
inclusion map, and the superscript (0, N) denotes taking the part of bidegree (0, N) of the 
N-current I* (A). 

Further, from (11.21) . we can obtain the following local representation of the boundary value on 
the Silov boundary. 


Proposition 5.6. Let p £ dm^> let U be a coordinate chart o/DJI around p, U = U\ x ■ ■ ■ x Un, 
where Uy cz DJI^, and let v be a vector such that its projection on each DJI^ is transverse to dD j. 
inside U &. Then, for each ip e T> n,n ~ N (U), we have 

<bc m /,'(/>) = lirn f f e ip, 

4° J3 m o 


where f e (z) = f(z — ev). 
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